Linear Mappings of Quaternion Algebra 

Aleks Klcyn 

C^ ' Abstract. In the paper I considered linear and antilinear automorphisms of 

^vj ^ quaternion algebra. I proved the theorem that there is unique expansion of 

i?-linear mapping of quaternion algebra relative to the given set of linear and 
r^ ' antilinear automorphisms. 

(N 

Contents 

■^ ' 1. Preface to Version 1 1 

P^ . 2. Preface to Version 2 2 

3. Conventions 2 

4. Linear Automorphism of Quaternion Algebra 3 

5. Mapping E 6 

6. Mapping ^1 7 

7. Mapping ^2 9 

^ . 8. Mapping E3 11 

> ; 9. Mapping T_^ 13 

5) ■ 10. Mapping h 15 

11. Mapping I2 17 

12. Linear Mapping 19 

13. References 24 

14. Special Symbols and Notations 25 






m 



o 






1. Preface to Version 1 



. , This paper by its form looks like reference book for elementary functions. How- 

j^ ' ever, the highlight of the paper is the theorem 12.1 which is a powerful source of 

new ideas. 

When I was writing the paper [2], I hoped until the last minute that I would be 
able to prove that ZJ-linear mapping in £)-algebra A with conjugation has expansion 
into sum of A-linear and A-antilinear mappings. Since it is necessary to write down 
the system of linear equations to solve this problem, then I finally realized that 
even in case of quaternion algebra this problem has a negative answer. 
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2 Aloks Klcyn 

The statement that there exists nontrivial hnear automorphism in quaternion 
algebra was a complete surprise to me.^ So it took me a while to understand how 
this statement is important. 

When I started research of algebra with a countable basis, suddenly I realised 
that if I have 3 linear automorphisms (namely, E, Ei, E2 ) and antilinear au- 
tomorphism /, then there is hope that for any i?-linear mapping^ / there exists 
unique expansion 

(1.1) f = aQ o E + ai o El + a2 o E2 + 03 o / 

The solution seemed simple, however corresponding system of linear equations is 
singular. Various attempts to modify the third term were unsuccessful. 

Fortune smiled me when I asked myself whether the mapping E3 is linear auto- 
morphism. 

2. Preface to Version 2 

Anthony Sudbery drew my attention to the statement that any transformation 
of the form 

(2.1) X -J> axa~^ a E H 

is linear automorphism.'^ In particular, the mapping Ei has form 

Eiox = {l + V3{i +j + k))x{l + Vs{i +j + k))-^ 

Can we prove that any linear automorphism has form (2.1)? 

The theorem 12.1 has another and very important consequence. In the section 
[l]-2.4, I considered Z?- vector space (in this case, D = H). It follows from the 
theorem 12.1 that dimension of iJ- vector space V docs not coincide with dimension 
of i/*- vector space V. 

3. Conventions 

Convention 3.1. Let A he free finite dimensional algebra. Considering expansion 
of element of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in algebra. In 
expression a? , it is not clear whether this is component of expansion of element a 
relative basis, or this is operation a} = aa. To make text clearer we use separate 
color for index of element of algebra. For instance, 

a = a'^Ci 

D 

Convention 3.2. If free finite dimensional algebra has unit, then we identify the 
vector of basis eo with unit of algebra. D 



Sometimes it is very hard to reproduce the actual sequence of events. However, when I was 
preparing an example [2]-7.2, I recalled the diagram of symmetry of product in quaternion algebra; 
the diagram was given in [4] , p. 7. 

Since R-linear mappings are main tool in my research of calculus, I usually use the term linear 
mapping. However in case when we consider several algebras at the same time, it is necessary to 
specify algebra over which the mapping is linear. 

Such mappings are well known (see, for instance, section [3]-3.2, as well p. [5]-643). However I 
did not think about this case because my attention was focused on mappings of the form y = af{x). 
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Convention 3.3. For given D-algebra A we define left shift ao by the equation 

aox = ax 
and right shift a^ by the equation 

a-kx = xa 

D 

Without a doubt, the reader may have questions, comments, objections. I will 
appreciate any response. 

4. Linear Automorphism of Quaternion Algebra 

Theorem 4.1. Coordinates of linear automorphism of quaternion algebra satisfy 
to the system of equations 

_ — '2'3 '2'3 '2 — '3'l '3'1 '3" 'l'2 'l'2 

(4.1) {rf = r^rl - r^ri rl = rlr\ - rlrf rf = rfr^ - rjr^ 

1— '2'3 '2'3 '2 — '3'l '3'l '3— 'l'2 'l'2 

Proof According to the theorems [3J-3.3.1, [2]-6.4, linear automorphism of quater- 
nion algebra satisfies to equations 

'0 — 'O'o'-^pq '1 — 'O'l^pq '2 " 'o'2'-'pq '3 " 'o's'-^p 



(4.2) 



'I'O^pq '0 — 'I'l'^pq '3 — 'l'2^pq '2 — 'l'3'-^Jj 



O'O'-^pq '1 — '0'l"^pq '2 — '0'2'-'pq '3" '0'3'-^pq 

pq '0 — 'I'l'^pq '3 — 'l'2^pq 

'2'O^pq '3 — '2'l^pq 'O " '2'2^pq '0 " '2'3^pq 

'3'O^pq '2 — '3'l'-^pq '1 — '3'2^pq 'O " '3'3'-'pq 



From the equation (4.2), it follows that 

' 1 — 'O'l'-^pq — '2'3^pq ' ' 1 ^pq " ' ' 1 "-^qp '2'3"-'pq— '2'3^qp 

yn^.Oj r^ — rQr^^pq — r^r^L^p^ '^0'^2*-^pq — '^0'^2'-^qp ^S^l^pq — ^l^S^pq 

'3 — '0'3'-^pq — ' l'2^pq ' ' 3 ^pq " ' ' 3'-^qp 'l'2^pq— 'l'2^qp 

(A A] J — r^rT:'- - -r'^r'^C'' — -r^r'^C'- — -r'^rT} 

If / = 0, then from the equation 

C^ = C^ 
pq ~ IP 

it follows that 

(4 5) r^r'^C° =r^r'^.C° 

From the equation (4.3) for / = and the equation (4.5), it follows that 

(4.6) r? = r° = r° = 
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If / = 1, 2, 3, then we can write the equation (4.3) in the following form 



(4.7) 



r\ 


_„l„0(-<l 


+ 




+ r^r'lCU 


+ 


rlrtCi^ 




^O^i '^10 


+ 




+ rSr'lCi, 


+ 


rtrtCL 






+ 


„0 JW 


+ rdr^CL 


+ 


b a/^l 




i = l,2 


3 










r\ 


=ryf\, 


+ 


rir°Cl, 


+ rtr',Ci, 


+ 


rlr^Cl 




rlr)Cli 


+ 


rir^Cl, 


+ rtr^CU 


+ 


rir^CL 




—rlr\C 


I 




-rir^C 


ii-rlr)C 


?a 


-rirJCU 




i = 1 




k = 2 


J = 3 








i = 2 




fe = 3 


J = l 








2 = 3 




fc = 1 


3 = 2 







< a < b a^l b^l 

From equations (4.7), (4.6) and equations 

= 1 



(4.8) 

it follows that 



^01 






-C\ 



ba 



(4.9) 



„b a/^t 
^O^i ^ab 



i= 1,2,3 



-^k^j^ab 



' k' j^ab 



„a b/^l 
^k^j'-'ab 


„b„a/^l 
^k^j '-^ab 






„a b/^l 
^k^j'-'ab 


„b„a/^l 
^k^j '-'ab 






i= 1 


k = 2 


3 


= 3 


i = 2 


k = 3 


3 


= 1 


i = 3 


k = l 


3 


= 2 



0<a<b a^^ I b^l 
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From equations (4.9) it follows that 



(4.10) 



„o^i 



a^b 



TnT 



O'i 



b^a 



rnr. 



o'i 







i = 1,2,3 



-^k^j^ab 



' k' j'^ab 



1 

2 
3 



k 
k 
k 



2 3=3 

3 j = l 
1 3=2 



<a<b a^l by^l 

the equation (4.10) it follows that 



From 

(4.ii; 

From the equation (4.4) for / = 0, it follows that 



r'n = l 



'o'o 



'o'o 



'o'o 



'o'o 



(4.12) 



ip^ rp^ _l_ j'^j'^ _l_ ip^ ly^ _l_ ip"^ rp"^ 

i i ^^ i i ^^ i i ^^ i i 

1,2,3 



From equations (4.6), (4.10), (4.12), it follows that 



= 
(4.13) 1 = 

i =1,2,3 

From equations (4.13) it follows that^ 



'^n'^n +r?,r^ + r^r?. 



'o'o 



'^i'Ti + rtri + rfrf 



(4.14) 



'0 







From the equation (4.4) for / > 0, it follows that 

^0 = r'orlCl^ + rVoC'oi + r^rlC^^, + rlr^Ci^ 

^a^bf^l 

i>0 

l>0 < a <b a^l h^l 



(4.15) 



„a bnl _ „b a/^l 
^i ^i '^ab ^i ^i ^ba 



Here, we rely on the fact that quaternion algebra is defined over real field. If we consider 
quaternion algebra over complex field, then the equation (4.13) defines a cone in the complex 
space. Correspondingly, we have wider choice of coordinates of linear automorphism. 
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Equations (4.15) arc identically true by equations (4.6), (4.14), (4.i 
tions (4.14), (4.10), it follows that 



From cqua- 



' i — 'k' j'^ab 'k'j'^ab 

i = l k = 2 j = 3 

(4.16) { i = 2 k = 3 3 = 1 

i = 3 fc = l j = 2 

l>0 < a<b a^l b^l 

Equations (4.1) follow from equations (4.16). 

5. Mapping 'E 
It is evident that coordinates of mapping 

E -.H -^ H Eox = x 

satisfy the equation (4.1). 

Theorem 5.1. We can identify the mapping 

aoE : H ^ H ae H 



and matrix 



(5.1) 



Jla 



( aO 



a 

2 

a 



aoy 



Proof. The product of quaternions 



and 



a = a° +a^i + a^j + a^k 



X = x° + x^i + x'^j + x^k 



D 



has form 

ax = a^x° - a^x^ - a^x"^ - a^x^ + [a°x^ + a^x° + a^x^ - a^x'^)i 
+ (a°x^ + a^x° + a^x^ - a^x^)j + {a^x^ + a^x° + a^x'^ - a'^x^)k 
Therefore, function fa{x) = ax has Jacobian matrix (5.1). 
Theorem 5.2. We can identify the mapping 

ai.E : H ^ H aE H 



D 
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and matrix 



(5.2) 



/ao 



^7' -a 



V 



Proof. The product of quaternions 



and 



X = X + X i + x'j + X k 



a = a° + a^i + a^j + a^k 



has form 

xa = x°a° - x^a} - x^a'^ - x^a^ + {x°a^ + x^a° + x'^a^ - x^a'^)i 

,/02, 20, 31 13\-,/03, 30, 12 2 l^; 

+ [X a + X a + X a — x a )j + [x a + x a + x a — x a )k 
Therefore, function fa{x) = ax has Jacobian matrix (5.2). 

6. Mapping 'Ei 
Theorem 6.1. Coordinates of mapping 

El : H ^ H Eiox = x° + x'^i + x^j + x^k 



D 



-^10 



1 ^1.2 



El 



10 0^ 

10 

1 

1 oy 



satisfy the equation (4.1). 

Proof. We can verify directly that (4.1) are true. However, it is easy to verify that 
using of permutation 

'l 2 3' 



2 3 1 
over the set of lower indices preserves the set of equations. 

Remark 6.2. It can be verified directly that Ei is linear automorphism. Let 

a = a +ai + aj + ak 
b = b° + b^i + b^j + h^k 



D 



Then 



ab = a°6° 



,2>2 



OlI 



b^ - a-'b-' + {a"b 



,1^0 



J^b^ 



a%^)i 



+ ia%' + a'b^ + a%^ - a^b^)j + {a%^ + aH" + a^b' - a'b^)k 



E-i o a = a 



2 ■ , 1 ■ 
a t + a J 
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E3 0b = b° +b^i + b^j - b^k 
(E3 o a)(E3 o b) = a°b° - a^b'' - aH^ - a^b^ + {a°b^ + aH° - a^b^ + a^b^)i 

+ {a%^ + aH° - a^b^ + aH^)j + {~a%^ - a^b° + aH^ - aH^)k 
= E3 o {ab) 

O 



Theorem 6.3. The mapping Ei has form 

El o a ~ 7(0 — iai — jaj — kak — ia + ai — kaj — jak 

—ja — kai + aj — iak — ka — jai — iaj + ak) 

Proof. According to the theorem [3]-3.3.4, standard components of the mapping 
El have form 

^10 = 

i;f = 



1 

4 


El'=-\ 


EP = 


1 
4 


Ef = -\ 


1 

4 


E?' = I 


E-f^ 


1 
4 


EF = -\ 


1 

4 


psi 1 

El --4 


E^'' = 


1 

4 


pi 3 1 

^1 - ^4 


1 

4 


77'21 1 

El =-4 


El- = 


1 
4 


p03 1 



Theorem 6.4. We can identify the mapping 

aoEi: H ^ H ae H 



and matrix 



3.1 



/ a° 



Jlla — 



a 
a- 



(6.2) 



Jlla 



^3 



«W 



>/iao i?l 



Proof. The product of quaternions 



and 

has form 
ao El o X 



a = a° + a^i + a^j + a^k 



Eiox = x° + x'^i + x^j + x'^k 



a°x° 



a^x^ 



a^x^ - a^x^ + (a°a;^ + a^x° + a^x^ - a^a;^)* 



+ {a^'x-' + a^x" + a-'x^ - a'-x^)j + (a"a;^ + a'^x" + a^x"' - a^x^)k 
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Therefore, function fa o x = ao Ei o x has Jacobian matrix (6.1). The equation 
(6.2) foUows from the chain of equations 

/ „0 _„1 _„2 _„3 \ 



Jl-ao°E2 



ya^ 



A 

10 

1 

yo 1 oy 

Jlla 



D 

7. Mapping E2 
Theorem 7.1. Since mappings 

fi-.H^H 

are linear automorphisms of quaternion algebra, then the mapping /2 o fi is linear 
automorphism of quaternion algebra. 

Proof. The statement of the theorem is corollary of following equations 

/2 o /i o (a + 6) = /2 o (/i o a + /i o 5) = /2 o /i o a + /2 o fi o b 

/2 o /i o (ra) = /2 o (r(/i o a)) = r(/2 o /i o a) 

/2 o /i o (a6) = /2((/i o a)(/i o fe)) = (/2 0/1° a)(/2 o f^ob) 



D 



p 

-C'20 



1 -^2-3 



Theorem 7.2. T/ie mapping 

E2 : H ^ H E2{x) =x° +x^i + x^j + x^k 

1 -E'21 = 1 -^2-2 = 1 

A o\ 

1 

E2^ 

10 

^0 1 oy 

is the linear automorphism of quaternion algebra. 

Proof. The statement of the theorem is corollary of the theorem 7.1 and the equa- 
tion 

(£'1) = E2 

a 



10 
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Theorem 7.3. The mapping E2 has form 

E2 o a ~ 7(0 ^ *oi — jaj — kak + ia — ai — kaj — jak 
+ja — kai — aj — iak + ka — jai — iaj — ak) 

Proof. According to the theorem [3J-3.3.4. standard components of the mapping 
E2 have form 



nOO _ 

2 — 


1 
4 


EV = 


1 

4 


ET-- 


1 

4 


^f = 


1 

4 


ao _ 
2 — 


1 
4 


E°^ = 


1 

4 


ET-- 


1 

4 


i?|3 = 


1 

4 


^20 
2 — 


1 
4 


El^ = 


1 

4 


sf = 


1 

4 


Ei^^ 


1 

4 


^30 _ 
2 — 


1 
4 


E¥ = 


1 

4 


E2 = 


1 

4 


Sf = 


1 

4 



Theorem 7.4. M^e can identify the mapping 

aoE2: H ^ H ae H 



and matrix 



(7.1) 



Jlla 



( a° 



a 
a" 



-V 



(7.2) 



•/2;a — >/(ao -E2 



Proof. The product of quaternions 



and 



a = a^ ^a^i^ a^j + a^A; 



E20x = x^ + x^i + x^j + x^k 



D 



has form 

aoE20x = a°x° - a^x^ - a^x^ - a^x^ + {a°x^ + a^x° + eP'x^ - a^x^)i 

+ {a^x^ + a^x^ + a^x^ - a^x'^)j + (a°x^ + a^x° + a^x^ - a'^x^)k 
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Therefore, function fa o x = ao Ei o x has Jacobian matrix (7.1). The equation 
(7.2) foUows from the chain of equations 

/ ^0 „1 „2 



Jl-ao°E2 



\ 






V 



(l 








o\ 











1 





1 








lo 





1 


oj 



J2la 



J 



8. Mapping E3 
Theorem 8.1. Coordinates of mapping 

E3 : H ^ H E30X = x° + x'^i + x^j 



-^30 



1 



^3-2 



E-i 



1 



^31 



A 



1 

\0 



: 1 

o\ 




-1 



^3-3 



x^k 
-1 



satisfy the equation (4.1). 

Proof. We can verify directly that (4.1) are true 



£^31 


= -£'3-2-£'3-3 


- ■C'3-2-'^3-3 


= 0-0 = 


= 


-^3-2 


= -S3-3-^31 


- -S3-3-^31 


= 0-(- 


1)1 = 1 


^3-3 


= E^.^E^.2 


- i?3.i£^3.2 


= 1*0- 


= 


-E^31 


= -E'3-2-^3-3 


- -^3-2-^3-3 


= 0-l( 


-1) = 1 


£^3-2 


= ^3-3^31 


- ■E^3-3-^31 


= (-1)0 


-0 = 


-^3-3 


= ^31^3-2 


7^ 1 T^ 3 

^31^3-2 


= 0*1- 


= 


-5^31 


= -^3-2^3-3 


~ ^3- 2^3- 3 


= 1*0- 


= 


•E^3-2 


= -^3-3-^31 


- -^3-3-^31 


= 0*1- 


0*1 = 


F 3 


_ Z? Iz? 2 


F 2p 1 


— 1 0, n 


1 0, 1 — 



^3-3 



D 



D 
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Remark 8.2. It can be verified directly that Ei is linear automorphism. Let 

a = a +ai + aj + ak 
b = b° + b^i + 9] + h^k 



Then 



J, OiO 17,1 27,2 3i,3 I / Oil I 17,0 I 27,3 3iii\- 

ab = a b — a b — a b — a b + [a b + a b + a b — a b )i 



0j,2 , „2.0 , „3.1 „1i,3n • , / 07,3 , „37,0 , „1.2 „2^,l^ 



+ (a"6^ + a'b" + a-'b' - a'b'')j + {a^b-" + a-'b" + a'b' - a^b')k 

!Ei o a =: a° + a^i + a^j + a^k 
Eiob = b° + b^i + b^j + b^k 

(El o a)(Ei ob)^ a°b° - a^b^ - a^b^ - a^b^ + {a°b^ + a^b^ + a^b^ - aH^)i 

+ {a%^ + a^b° + aV- - a-b^)j + {a%^ + a'b° + aH^ - aH'')k 
= Eio {ab) 



D 
Theorem 8.3. The mapping E^ has form, 

— 1. 

£^3 o a = -~-(iai + jaj + laj + jai) 

Proof. According to the theorem [3J-3.3.4, standard components of the mapping 
E3 have form 



El' 



1 p22 

2 -^1 



1 IT" 
'2 ^1 



21 



1 77i]2 

2 El 



D 



Theorem 8.4. We can identify the mapping 

aoEs: H ^ H ae H 
and matrix 



i.l) 



Jsla 



f ao 


-a^ 


-ai 


a3 


\ 


fli 


-a^ 


aO 


9 
—a- 




a 


aO 


a^ 


ai 




[a^ 


ai 


-a2 


-flO 


/ 


Jala 


= Jlao 


°E, 







Proof. The product of quaternions 



and 

has form 

a o E3 o X = a"x" 



a = a° + a'i + a^j + a^k 



E^i o X = x'^ + x"^ i + x'j — x^k 



a'x^ - a^x' + a^x^ + {a°x^ + a'x° 



aV 



a^x')i 



+ {a°x' + a'^x'^ + a^x^ + a^x^)j + {-a°x^ + a^x° + a^x' - a^x'^)k 
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Therefore, function faOx = aoEiox has Jacobian matrix (8.1). The equation 
(8.2) foUows from the chain of equations 



/ 



Jlao°E^ 



3 \ 




fl 











a' 


o 








1 





a^ 








1 








aoj 




lo 








-1 


a^\ 










a 













Jila 



AntiUnear automorphism 



9. Mapping / 



I : H ^ H lox 



1° 



1 n 



1 li 



/i 



-1 ^ = 

1 

0-10 

0-1 

^0 -ly 
is called conjugation of quaternion algebra. 

Theorem 9.1. We can identify the mapping 

aol : H ^ H ae H 



and matrix 



(9.1) 



/ 



Ila — 



-a 



-a 







Va^ 



(9.2) 



/;. 



a —a 

= Jlao°I 



Proof. The product of quaternions 



a° + a^i + a^j + a^k 



and 



lox 



x^i — x^j 



x^k 



D 
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has form 

T 00,11,22,33,/ 01,10 23,3 2\- 

ao I o X = a X + a X + a x + a x + (—a x + a x —ax + a x )i 

+ (-a°a;^ + a^x° - a^x^ + a^x^)j + {-a°x^ + a^x° - a^x'^ + a^x^)k 

Therefore, function faox^aolox has Jacobian matrix (9.1). The equation (9.2) 
follows from the chain of equations 



/ 



Jlao°I 



\ 



(l 














-1 














-1 





yo 








-1 



/ aP 



\ 



J 



Theorem 9.2. We can identify the mapping 

a*7 : H ^ H ae H 



and matrix 



(9.3) 



■^r-a ^^ 



/ a° 



a 

9 

a 

y a^ 



-a° j 



(9.4) I, 

Proof. The product of quaternions 



I O X 



7 °J 



X^i — x'^j 



and 



D 



a = a° + a^i + a^j + a^k 
has form 

(/ o x)a = x°a° + x^a^ + x^a'^ + x^a^ + {xPa^ - x^a^ - x^a^ + x^a'^)i 

+ {x°a'^ - x^a° - x^a^ + x'^a^)j + {x°a^ - x^a° - x^a^ + x^a^)k 
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Therefore, function faOx = aoIox has Jacobian matrix (9.3). The equation (9.4) 
follows from the chain of equations 






/ao 






ya^ 



\ 



A 














-1 














-1 





lo 








-1 



-a° j 



U 



10. Mapping I\ 
Theorem 10.1. Since the mapping 

is antilinear automorphism of quaternion algebra and the mapping 

is linear automorphism of quaternion algebra, then the mapping /20/1 is antilinear 
automorphism of quaternion algebra. 

Proof. Since quaternion algebra is i?-algebra, R C Re H, then, for r ^ R, r* = r. 
Therefore, 

/2 o /i o {ra) = /2 o (r/i o a) = (/2 o /i o a)r* 

The statement of the theorem is corollary of following equations 

/2 o /i o {a + b) = f2 o {fi o a + fi o b) ^ /2 o fioa + /2 o fiob 
/2 o /i o {ah) = /2((/i o a)(./i o b)) = (/a o /^ o b){f2 o A o a) 



D 



Theorem 10.2. The mapping 



Ii : H ^ H /i o X = x° - x^ei - x^e-i - x^Ca 



rO_i rl__i r2 
^10 — ^ ^1-2 — ^ ^1-3 



/l 



1 


-1 





-1 

-1 





1 A.f = -1 



is the antilinear automorphism of quaternion 
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Proof. The statement of the theorem is corollary of the theorem 10.1 and the equa- 
tion 



Theorem 10.3. We can identify the mapping 

aoli: H ^ H ae H 
and matrix 



(10.1) 



a° 


a^ 


a 


ai 


2 


-a 


a^ 


a^ 


—a 




-a° 


a 



D 



(10.2) 



hla — Jllao h 



Proof The product of quaternions 



= a° + a^i + a'^j + a^k 



and 



has form 



IlO X = X 



X I - 



x^j -x^k 



a o /i o a; = a^x^ + a^x^ + a^x"* + a'^x^ + {-a"x^ + a^x" - a^x^ + a-*x-^)i 

+ {-a°x^ + a^x° - a^x"^ + a^x^)j + (-a°a;^ + a^x° - a^x^ + a'^x^)k 

Therefore, function fa^x = a o I o x has Jacobian matrix (10.1). The equation 
(10.2) follows from the chain of equations 



/ 



Jlao h 



\ 



(l 

















-1 














-1 


yo 


-1 









^ aO 



V 



-a 

2 

a 



J 



D 



Theorem 10.4. We can identify the mapping 

a*li : H ^ H a e H 



Linear Mappings of Quaternion Algebra 



17 



and matrix 



(10.3) 



/ao 



^Ir-a 



(10.4) 



T T or 



Proof. The product of quaternions 

IlO X = x^ 



1 • s ■ 

X t — X J 



«v 



u^k 



and 



a° + a^i + a^j + a^k 



has form 

(/ o x)a = x°a° + x'^a^ + x^a'^ + x^a^ + {x°a^ 



x^a° 



x-^a-* +x^a'')i 



+ (x"a^ - x-'a" - x^a^ + x^a-^)j + [x^'a'^ - x^a" - x^a^ + x-^a^)k 

Therefore, function fa^x = a -k I o x has Jacobian matrix (10.3). The equation 
(10.4) follows from the chain of equations 



T ° T — 

'-'r-ao J-1 






a^\ 




(l 








o\ 


a^ 











-1 





ai 














-1 


aoj 




^0 


-1 





V 



— lira 



D 



x^e2 — x'^es 



T 



1 h-l 



11. Mapping I2 
Theorem 11.1. The mapping 

I2: H ^ H l20x = x° - x^e^ 

-1 l2.l = -l /2.i = -l 

/i o\ 

0-1 
-10 

yo -1 

is the antilinear automorphism of quaternion algebra. 







/ 
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Proof. The statement of the theorem is corollary of the theorem 10.1 and the equa- 
tion 

72=7oE2 

D 
Theorem 11.2. We can identify the mapping 

aol2:H^H ae H 



and matrix 



(11.1) 



/ a° 



i2li 



a 

2 

a 



~a 

2 

a 



(11.2) 



l2la — Jlao h 



Proof. The product of quaternions 



= a° + a^i + a'^j + a^k 



and 



has form 



l2° X = X 



x^i- 



x^j — x'^k 



a o /2 o a; = a"a;" + a^x'^ + a^x^ + a'^x^ + {-a"x-* + a^x" - a^x^ + a-*x^)i 

+ {-a°x^ + a^x° - a^x^ + a^x^)j + (-a°a;^ + a^x° - a^x^ + a'^x^)k 

Therefore, function fa^x = a o I2 o x has Jacobian matrix (11.1). The equation 
(11.2) follows from the chain of equations 



/ao 



Jlao h 



\ 



(1 








o\ 











-1 





-1 








yo 





-1 


V 



/ao 



i2l; 



D 
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12. Linear Mapping 



Theorem 12.1. Linear mapping of quaternion algebra 

J-.H^H 

has unique expansion 

f = oq o E + ai o El + a2 o E^ + 03 o / 



'A = \{fo+fl-fl+f.) 

«o' = ^(/o-/l+/2+/i) 

ao = ^(/o -/!+/! + /I) 
ao = ^(/o+/i-/l + /l) 

\{-f,-fl+fUfl-fs+fl+fI + fl) 

■ ^ (/l ~ /l ~ /2 + 72 ~ /s ~ /3 ~ /s + /3 ) 

■ ^ (~/r + Jl + /2 ~ /2 ~ /a +73 ~ /3 ~ J3) 
^(~/l ~ Jl + /2 + /2 ~ /a ~ 73 + /3 ~ /3 J 



(12.1) 


/n f/iis case 


(12.2) 


(12.3) 


(12.4) 


(12.5) 


(12.6) 


(12.7) 


(12.8) 


(12.9) 


(12.10) 


(12.11) 


(12.12) 


(12.13) 


(12.14) 


(12.15) 


(12.16) 


(12.17) 



(/i'+/f-/2°-/2+/3-/; 



^(-/i°+/f-/|-/| + /3°+/|) 

^(-/i + /i + /I - /I + fi - fi) 

'^3 — ^(/o ~ Jl ~ J2 ~ J3) 

al = lif^-f! + f^ + fi) 
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Proof. Linear mapping (12.1) has matrix 

/ ^0 ^1 ^2 „3 



ao 



/«? 



(12.18) 



1 flO 


2 
— 02 


-a| 


of 


4 


-of 


0° 


2 
— 02 


4 


a^ 


«i 


O2 


V «i 


02 


-ai 


-4 



al 



0° 



-o? 



/ 



V «3 



-«§ / 



From a comparison of matrix of the mapping / and matrix (12.18), we get the 
system of hnear equations 



(12.19) 


/°=o° + o? + o° + o° 


(12.27) 


/o^ 


(12.20) 


/? = -al -al-al + al 


(12.28) 


fl 


(12.21) 


rO 2 1 1,2 

i-i = -oq -01-02+03 


(12.29) 


fl 


(12.22) 


ft = -al -al + al + 4 


(12.30) 


fi 


(12.23) 


fo =4 + 4 + 4 + 4 


(12.31) 


fS 


(12.24) 


fl = 4 + 4-4-4 


(12.32) 


fl 


(12.25) 


fl = -4 + 4 + 4 + 4 


(12.33) 


fl 


(12.26) 


1 9 2 

/a = 05 - oi - 02 - 03 


(12.34) 


fi 



4 



4 
4 



4 



4 



To solve this system of hnear equations, I have wrote the software using C#. It is 
easy verify directly this solution. D 

It foUows from the theorem [3J-2.6.4 that the set of linear endomorphisms C{H; H) 
of quaternion algebra H is isomorphic to tensor product H ® H . The theorem 12.1 
states that we can consider the module C{H] H) as iJ*-vector space with basis 

Example 12.2. According to the theorem 7.4. mapping 



has matrix 



aoEo-.H^H ae H 



( 0° 



Vo-^ 



-o^y 
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According to the theorem 12.1, 

«o = ^(«° + (-«') -«' + (-«')) 

a^ = -(a^ -a^ +a° + a^) 

a? = ^(-(-«') - (-«•') + i-a^) + a^ - ("o') + a° + a=^ + (-a^)) 
al = ^((-a-) " (-a^) - (-a^) + a^ - (-a^) - a° - a^ + (-a^)) 
a2 = i(-a° + fli + (-fli) - a° - (-fli) + a° - a^^ - (-a^)) 
al = i(-a° - a^ + (-a^) + a° - (-a^) - a° + a^* - (-a^)) 



«3° = ^(«°-a° -«'-(-«')) 

a^ = i(a2 + (-a2) + a°-a°) 

«3 = ^(«' + (-«')-(-«') + (-«')) 
Therefore, a2 = 03 = 0. 
Example 12.3. According to the theorem 5.2, mapping 

a-kE : H ^ H aE H 

has matrix 

^ a° -al -a2 -a^ \ 



a^ -a^ aO a' 



a^ a? -a^ aP 



D 
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According to the theorem 12.1, 

a° = i(-(-a^) - a° + (-a^) + ^ - {-^) + (-a^) + qI + 0°) 
fli = ^((-a^) - a° - (-a^) + a=^ - (-0=^) - (-a^) - a^ + a°) 

a3 = i(-(-a=^) - a^ + a° + (-a^) - (-a^) - (-a^) + a^ - a°) 



a. 



1 



-(-a° + a^ + a° - (-a^) + (-a^) _ a^) 



2 



ag = —(a — a" + (—a") + a ) 



a: 



-(a2 + (-ai) + (-ai)-(-a^)) 



2 



a3 = i(a3+a°-a° + (-a=^)) 
This is very important, 03 7^ 0. D 

Example 12.4. According to the theorems 5.1, 5.2, mapping 
f : H ^ H f = aoE + a*E aeH 
f o X = ax + xa 
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has matrix 



I a° 



a 



a 







-a 



-a" 
a" 



^0 



a a a —a 

3 „2 „1 „0 



a —a a a 

I 2a° -2a^ -2a^ 

2a^ 2a° 

2a^ 2aO 



/ao 



a 
a" 



-2a3 





\ 



V 



2a^ 2a° y 

According to the theorem 12.1, 

a° = i(2a° + 2a°-0+(-2a3)) 



aj = -(2a^ - (-2a^) + (-2a^) + 0) 

al = -(20^-0 + + 0) 

a^ = _(2a^ + 0-2a° + 2a°) 

a? = i(-(~2ai) - 2a° + (-2a^) + - (-2a-^) + + + 2a°) 
fli = |((-2a^) - 2a° - (-20^) + - (-2a-^) - - + 2a°) 
al = -(-0 + + 2a° - - (-2a'') + - - 2a°) 
a? = i(-0 - + 2a° + - (-2a-') - + - 2a°) 

a° = i((-2a^) + - (-2a2) + 0-0-0) 
fli = i(2a° + - (-2a-) - + (-2a^) - 2a°) 
02 = -(-(-2a' ) + - 2a° - + (-2a^) + 2a°) 
a-2 = 0^-'^"-'^' + + 2a° - + - 0) 

a° = -(2a°-0-0-2a°) 

al = -(2ai-0+(-2a-) + 0) 

aj = -(2a^ + (-2a^) + 0-0) 

al = -(2a^ + 2a° - 2a° + (-2a^)) 
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This is very important, 03 7^ 0. D 
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14. Special Symbols and Notations 

ao left shift in D-algcbra 3 
a* riglit sliift in D-algcbra 3 



E linear automorphism of quatcrnioin 

algebra 6 
El linear automorphism of quatcrnioin 

algebra 7 
E2 linear automorphism of quaternioin 

algebra 9 

J I. a Jacobian matrix of left shift 6 
Jra Jacobian matrix of right shift 7 
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JlHHeiiHbie OTo6pajKeHHH ajire6pti KBaTepHHOHOB 



AjieKcaHflp KjieiiH 



^^ ' AHHOTAL^Mi5. B CTaTbe paCCMOTpeHbl JIHHeilHMe H aHTHJIHHeilHMe aBTOMOp- 

^vj ^ (JiHSMbi ajire5pbi KBaTepHHOHOB. ^OKaaana Teopeivia o e^HHCTBeHHOCTH pas- 

JIO^CeHHS J?-JlHHeHHOrO OTo6pa»ceHH5I ajire6pBI KBaTepHHOHOB OTHOCHTejIBHO 
r^ ■ Sa^aHHOrO MHO>KeCTBa JlHHeHHBIX H aHTHJlIIHeHHBIX aBTOMOp4)H3MOB. 



COflEP>KAHHE 
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4. JTuHeHKbiii aBTOMop4)H3M ajire6pbi KBaTepHHOHOB 3 

5. 0To6pa>KeHHe E 6 

6. 0To6pa>KeHHe Ei 7 

7. 0To6pa>KeHHe E2 9 

^S] ■ 8. 0To6pa>KeHHe E3 11 

K^ ' 9. 0To6pa}KeHHe / 13 

CJN . 10. OToSpajKCHHe /i 15 

II. OToSpajKCHHe I2 17 

12. JlHHeiiHoe OToGpajKenne 19 

13. Chhcok jiHTepaTypbi 24 

14. Cnen,HajibHbie chmbojibi h o6o3HaHeHHH 25 



1. IIPEflHCIIOBHE K H3flAHHK) 1 



. , Ho CBoeMy xapaKTepy STa CTaibH HanoMHHaeT cnpaBOHHHK sjieMenTapHbix 4)yHK- 

j^ ■ D,HH. OflHaKO n,eHTpajibHoe MecTO b CTaibe sannMaeT TeopeMa 12.1, KOTopaH hbjih- 

eTCH MOmHbIM HCTOHHHKOM HOBblX HflCH. 

Korfla a nncaji CTaTbK) [2]. ;i,o nocjieflHefi MHHyTbi h HafleajiCH, ^to mhc yflacTCH 
;i,0Ka3aTb, hto Z?-jiHHeHHoe OToGpajKenne b D-a,nre6pe A c coHpajKeniieM mojkho 
pasjiojKHTb B cyMMy A-jiHHeHHoro h yl-aHTHjinneHHoro OToSpajKenHii. Tax Kax fljia 
peineHHa STOii sa^aHH Heo6xoflHMO cocTaBiiTb CHCTeMy jiHHeiiHbix ypaBHenHfi, to 
H B KOHLi;e KOHu,OB noHHji HTO flajKC B cjiy^ae ajire6pbi KBaTepHHOHOB sia aa^ana 
HMeeT OTpHH;aTejibHbiH otbct. 



Aleks_Kleyn(aMailAPS.org. 

http : //sites . google . com/site/AleksKleyn/ . 

http : //arxiv . org/a/kleyn_a_l . 

http : //AleksKleyn . blogspot . com/ . 



2 AjieKcaHflp Kjighh 

yTBepjKfleHiie, hto b ajire6pe KeaTepHHOHOB cymecTByei HeTpHBHajibHbiii jih- 
HeiiHHH aBTOMop4)H3M, OKasajiocb fljis Mens nojiHoii neosKHflaHHOCTbio.^ HosTOMy 
MHe noTpe6oBajiocb BpcMH, t^to6bi noHSTb nacKOjiBKO sto yTBepjK;i,eHHe BajKHO. 

51 Hanaji HCCjie^OBaHHe ajire6p co chcthbim 6a3HCOM. H Bflpyr h noHHji, hto ecjiH 
H HMem 3 jiHHefiHbix aBTOMopeJjiiSMa (a HMeHHO, _B, Ei, E2 ) 11 aHTHjiHHeHHbiii 

aBTOMOp4)H3M /, TO eCTb HaflCJKfla, HTO flJIH JIIo6orO i?-JIHHeHHOrO OToGpajKeHHH'^ 

/ cymecTBycT e^HHCTBeHHoe pasjiojKeHiie bh^^ 

(1.1) f ^ a^ o E + ai o El + a20 E2 + 03 o / 

PeniCHHe Kasajiocb npocTbiM, o^HaKO conyTCTByiomaH ciiCTCMa jiHHefiHbix ypaBHe- 
HHJt BbipojKfleHHOii. PasjiHHHbie nonbiTKH n3MeHHTb TpeTbe cjiaraeMoe Sbijih 6e3- 
ycneniHbiMH. 

Xnana yjibiGnyjiacb mhc, Kor/i,a a cnpocHji ceGa, HBjiaeTCH jiii OTo6paiKeHHe E^ 

JIHHeftHblM aBTOMOp4)H3MOM. 

2. riPEflHCJTOBHE K HSflAHHIO 2 

3htohh Cafl6epH o6paTiiji Moe BHHMaHiie, hto jiK)6oe npeo6pa30BaHHe Bii;];a 
(2.1) a; -J> axa"^ a G iJ 

HBJIHeTCH JIHHefiHblM aBTOMOp4)H3MOM.'^ B HaCTHOCTII, OTo6pa>KeHHe El HMeCT BHfl 

Eiox = {l + V3(i + j + fc)).T(l + s/i{i + j + k))-^ 

MOJKHO JIH flOKa3aTb, HTO KajKflblii JIHHeilHblH aBTOMOp4)H3M HMeeT BHfl (2.1)? 

TeopcMa 12.1 hmcct eme oflHO, o^eHb BajKHoe cjie^CTBHe. B pa3flejie [l]-2.4, a 
paccMOTpeji ZJ-BCKTopHoe npocTpancTBO (b flaHHOM cjiy^ae, D = H). Hs leope- 
Mbi 12.1 cjieflyeT, ^^to pa3MepH0CTb iJ-BCKTopHoro npocTancTBa V ne coBnaflacT c 
pa3MepHOCTbio iJ*-BeKTopHoro npocTancTBa V . 

3. COrJIAUIEHMH 

CorjiaineHHe 3.1. Ilycmb A - ceoSodnaH kohchho Mepnan aAzeBpa. Upu pasAO- 
otceHuu dAeMewma ameBpu A omHocumeAbHO 6a3uca e mu noAtaycMcsi odnou u 
mou 3tce Kopneeou 6yK60u Sah o6o3HaHeHUJi amoeo DAeMenma u ezo Koopdunam. 
OdnaKO e aAze6pe ne npuHsimo ucnoAb3oeamb eeKmopnue o6o3HaueHUH. B eupa- 
oiceHuu a^ ne mcho - 3mo KOMnoHenma pa3A0DK.eHUii SAeMewma a omHocumeA'bHO 
6a3uca uau smo onepav,uji eo3eedeHUH e cmenewb. /(aji o6AezHeHUfi Hmenuji mcK- 
cma MU 6ydeM undeKC aAeMenma aAze6pu eudeAsimb VfeemoM. HanpuMep, 



D 



HHorfla OMCHfe Tpy^HO BOcnpOHSBecTH peajibHyio nocjie^OBaTejibHOCTb coGmthh. OflHaKO, ko- 
rfla a roTOBHJi npHMep [2]-7.2, h BcnoMHHJi flHarpaMiviy CHMivieTpHH npoHSBeflCHHsi b ajire6pe KBa- 
TepHHOHOB, npHBefleHHyio b [4], c. 7. 

HocKOjibKy _R-jiHHeHHbie OTo5pa:aceHna: HBjiHiOTCfl: ochobkbim HHCTpyMCHTOM b mocm HCCJie- 
/];oBaHHH MaTeMaTHMecKoro aHajiHsa, s o5biMHO nojibsyiocb TepMHHOM jiHHefiHbie OToGpa^KeHHH. 
OAHaKO B Tex cjiyH:a5ix, Kor^a mm paccMaTpHBaeM HecKOJibKO ajire6p o^HOBpeivieHHO, Heo6xoflHMO 
yKasaTb Ha/], KaKoii ajire6pofi OTo6pa»ceHHe jiHHeiiHO. 

noAo6Hbie OTo6pa:»ceHHH xopoino H3BecTHbi (cmotph, HanpHMep, pas^eji [3]-3.2, a xaKiH^e c. 
[5]-643). OflHaKO h o6 3tom BapiiaHTe ne ^yiviaji, TaK KaK Moe BHHiviaHHe 6biJio cocpeflOToneHO Ha 
OTo6pa:>KeHHfl;x BH^a y = af{x). 



JThhchhbic OTo6pa>KCHHa ajirc6pM KBaTcpHHOHOB 3 

CorjiaineHHe 3.2. Ecau ceoSodnan KOHeuHOMepHan aAze6pa UMeem eduHuv,!/, mo 
Mu 6ydeM omomcdecmeAJimb eeKmop 6a3uca Cq c eduHuv,eu aAze6pu. D 

CorjiameHHe 3.3. JJmji daHHOu D-aAze6pu A Aeeuit cdem ao onpedeAen paeen- 
cmeoM 

aox — ax 
u npaeuu cdem a-k onpedeAen paeeHcmeoM 

a-kx = xa 

O 

Be3 coMHeHHH, y Hwiaiensi MoryT Gbitb Bonpocbi, saMenaHUH, BOspajKeiiHH. 51 
6yfly npH3HaTejieH jiio6oMy OTSbiBy. 

4. JlHHEHHUH ABTOMOPOHSM AJirEBPbl KBATEPHHOHOB 

TeopeMa 4.1. Koopdunamu AuneuHoso aemoMopcpusMa aAze6pu KeamepnuoHoe 
ydoeAemeopsimm cucmeMe ypaeHenuu 



(4.1) 

I „3 _ _ _ _ _ _ 

'2'3 '2'3 '2— '3'l '3'l '3" 'l'2 'l'2 

/JoKasameAbcmeo. CorjiacHO TeopeMaM [3]-3.3.1; [2]-6.4. jiHHeiiHbiH aBTOMop4)H3M 
ajireSpbi KBaTepHHOHOB yflOBjieTBopHCT ypaBHeniiHivi 

'0 — ' 0'0*-^pq '1 — ' 0' l*-^pq '2 — ' 0' 2*-^pq '3 — ' 0' 3*-^pq 

'I'O^pq 'O — 'l'l'^pq '3 — 'l'2^pqr ' 2 — ' 1' z'^pq 

J^pq ^3 — ^2^1^ pq ^0 — ^2^2^ pq ^0 — ^2^3^ p 



^2 3 


^3 2 


^2 


_ „2 3 
— T^S^l - 


„3 2 


'^3 


— rifa - 


^3 2 


^3„1 
^^2*^3 " 


-rh4 


r-2 

^2 


— r3„l 




T.2 
'^3 


_ „3„1 

— r^ra - 


r.lT-3 



(4.2) 



^pq ' — ' 2 ' 2"^pq '0 — ' 2 ' 3"^pq 

'3 — '3'O^pq '2 — '3'l^pq '1 " '3'2^pq '0 " '3'3'-^pq 

Ha paBencTBa (4.2) cjie^yeT 

' 1 — ' O' I'^pq — ' 2' 3^pq ' 0' l^pq ~ ' 0' l^qp '2'3^pq~ '2'3^qp 
y^.O) r^ — ToTaOpq — r^r^L^pq '^0'^2*-^pq — '^0'^2'-^qp ^S^l^pq — ^l^S^pq 

rl — rPr'^n'- — rPr'^T'' rP r'i C} — rPr^n^ r-PrT'' — —rPrtC} 

'3 — ' ' 3 ^pq ~ ' 1 ' 2 ^pq ' ' 3 ^pq ~ ' O' 3^qp ' 1 ' 2 ^pq ~ ' 1 ' 2 ^ qp 

(4.4) r^ = rgro^C' = -rlrlCl^ = -r^.r^A = "-M^L 



pq 
ECJIH / = 0, TO H3 paBeHCTBa 



pq ~ IP 



cjieflyeT 

(4 5) r^r''C° =r^r'^.C° 

V '' I J pq 'z'j^qp 

Ha paBeHCTBa (4.3) jiJisi Z = h paBencTBa (4.5), cjie^yeT 
(4.6) r°=r°=r°=0 



4 AjicKcaHflp Kjichh 

EcjiH / = 1, 2, 3, TO paBeHCTBO (4.3) mo:^ho sanHcaTb b BH/i,e 
i = 1,2,3 



(4.7) 



r\ 


= ryf'oi + 


rir]Cl, 


+ rtr^Cl, + rlr^Cl^ 




rycii + 


rir^Cl, 


+ rtr^CU + rir-CL 




—ryci. 


-ry.c 


M 'k'j'^ba 'k'j'^ab 




i = 1 


k = 2 


J = 3 




i = 2 


fe = 3 


J = l 




2 = 3 


fc = 1 


3 = 2 



< a < b a^l b^l 

Ha paseHCTB (4.7), (4.6) h paBencTB 

1 



(4.8) 
cjieflyeT 



^01 






-c\ 



ba 



(4.9) 



„0 I I a b/^l b a/^l 

'o'i~^ 'oW^ab 'O'i'-^ab 

„0 I _i_ a b/^l _ b„a/^l 
^0^i+ ^O^i^ab ^O^i^ab 

„0„l „a b/^l I b a/^l 
'O'i 'O'i'-^ab "T 'O'i "-^ob 

i= 1,2,3 



.„ab/-^l _„b„a(-<l 

„a b/^l b„a/-yl 

^k^j^ab ~ ^k^j^ab 



. ra„bf-il 
-^k^j^ab 



1 

2 
3 



b ar^l 
' k' j "-^ab 

k = 2 j = S 
fc=3 j=l 
fe=l j=2 



< a < b a^l b^ I 



JThhchhbic OTo6pa»c:cHHSi ajirc6pM KBaTcpHHOHOB 



Ha paBCHCTB (4.9) cjie/iyeT 



(4.10) 



r\=ryi 



^a b _ „b a — n 



i = 1,2,3 



' k' j'^ab 



k=2 7=3 



Ha paseHCTBa (4.10) cjie^yeT 



'''k'''j'-'ab 

i= 1 
i = 2 
i = 3 

a < b a^l b^ I 



r!! = l 



fc = 3 
fe = 1 



J = l 

J =2 



< 



(4.11) 

H3 paBencTBa (4.4) ^jir 1 = cjie/i,yeT 

o no 11 "2 1 "^^ 

0— 'o'o 'o'o 'o'o 'o'o 



•12) 






,Jl J.^ _l_ ip-j Jt'i 



'i'i 



J.0 
i i 

i = l,2,3 

Ha paBCHCTB (4.6), (4.10), (4.12), cjieflycT 

(4.13) 1 = rjr} + rfrf + rfr 

i =1,2,3 

„4 



'i'i 



^3^3 



Ha paBCHCTB (4.13) cjic^ycT^ 



r?, = r^ = rj^ = 



(4.14) „ , 

Ha paBCHCTBa (4.4) ^jih / > cjiCflycT 

(4.15) 



' i ' i'^ab 



— ' i' i'^lO 'i'i'^Ol 

i>0 

l>0 < a <b a^l b^l 



„b a(~il 
^i ^i ^h 



ba 



Mbi 3;],ecb onHpaeMCH Ha to, mto ajire6pa KBaTepHHOHOB onpe^ejiena Ha^a, nojieM .neficTBH- 
TejibHbix HHceji. EcjiH paccMaTpHBaTB ajire6py KBaTepHiiOHOB na^ nojieM KOMnjieKCHtix mhccji, to 
ypaBHeHHe (4.13) onpe^ejiHeT Konyc b KOMnjieKCHOM npocTpancTBe. CooTBeTCTBeHHO, y nac niiipe 

BBl5op KOOpflHHaT JIHHeHHOrO aBTOMOp45H3Ma. 



AjicKcaHflp Kjichh 





„b„a/^l 


b 




i = 1 


k = 2 


3 


= 3 


i = 2 


k = 3 


3 


= 1 


i = 3 


k = l 


3 


= 2 



PaseHCTBa (4.15) TO}K;i,ecTBeHHO sepHbi b CHjiy paeeHCTB (4.6), (4.14). (4.< 
paBCHCTB (4.14), (4.10), cjieflycT 



(4.16) 



l>0 <a<b a^l b^l 

PaBCHCTBa (4.1) cjie^yroT h3 paseHCTB (4.16). 

5. Otobpa>kehhe E 

OneEHflHO, KOOpflHHaTbl 0T06pa>KeHHiI 

E -.H -^ H Eox = x 

y^OBjieTBopHiOT ypaBHeniim (4.1). 

TeopeMa 5.1. Mti mookcm omootcdecmeumb omo6pacHceHue 

aoE : H ^ H ae H 



H3 



u Mampwuy 



(5.1) 



Jla 



( oP 



ya-^ 



-a 



a 



\ 



a^J 



/foKaaamejibcmeo. HpoHSBefleHHe KBaTepHHOHOB 

a = a 



° ' a^i + a'^j + a^k 



H 



D 



X = x° + x^i + x'^j + x^k 

HMeCT BHfl 

ax = a°x° - a^x^ - a'^x^ - a^x^ + {a°x^ + a^x° + c?x^ - a^x'^)i 
+ (a°a;^ + a^x° + a^a;^ - a^x'^)j + {a°x'^ + a^x° + a^x^ - a^x^)k 
CjieflOBaTejiBHO, OTo6pa}KeHHe fa{x) = ax HMeeT MaTpH]j;y 51ko6h (5.1). 
TeopeMa 5.2. Mu mookcm omootcdecmeumb omoSpaotceHue 

a*E : H ^ H aeH 



D 



u Mampumi 



(5.2) 



JThhchhbic OTo6pa»c:cHHSi ajirc6pM KBaTcpHHOHOB 



^r-a 



/ao 



V 



/JoKasameAbcmeo. IIpoHSBefleHHe KBaTepHHOHOB 



«v 



X = x*^ + x^i + x^j + x^k 



a = a +ai + aj + ak 

HMeeT BHfl 

xa = x°a° - x^a^ - x^a'^ - x^a^ + {x°a^ + x'^a° + x^a^ - x^a?)i 
+ (a;°a2 + a;^a° + x^a^ - x^a^)j + (x°a^ + x^a° + x^a^ - x'^a^)k 
CjieflOBRTejiBHO, OTo6pa}KeHHe fa{x) = ax HMeeT MaTpHi];y 5Iko6h (5.2). 

6. Otobpa>kehhe El 
TeopeMa 6.1. KoopduHamu OTno6pacnceHUfi 

El : H ^ H Eiox = x° + x^i + x^j + x^k 

-^10 = 1 -^1-2 = 1 -£^1-3 = 1 -E'li = 1 

fi o\ 



D 



E, 



10 
1 

1 oy 



ydoeAemeopjitom paeeHcmey (4.1). 

/JoKaaameMbcmeo. Mbi MOJKeM npoBcpHTb BbinojineHHe paBencTB (4.1) Henocpe/i,- 
CTBeHHOit npoBepKoii. OflnaKO neTpyflHO y6epfiTbcsi, hto npHMeneHHe nepecTanoB- 

KH 

1 2 3 

2 3 1 

Ha MHOiKCCTBe HHJKHHX HHflCKCOB COXpaHHCT MHOJKeCTBO ypaBHeHHH. D 

SaMenauue 6.2. Mbi MOJKeM y6e;i,HTBCH HenocpeflCTBeHHOfi npoBcpKon, hto Ei - 

JIHHeHHblfl aBTOMOp4)H3M. HyCTB 



a = a° + a^i + a^j + a^k 
b = b° + b^i + b'-j + h^k 



Torfla 



ah = a°b° - aH^ - aH'' - a^fe^ + ia%^ + 0^6° + aH^ - a^b')i 



^'^ + ia%^ + aH'' + aH^ - a^b^) 

0l,2 , „2.0 , „3.1 „ll,3\- , /„0.3 , „3.0 , „1.2 „2.1^ 



+ {a%' + a'b^ + a%^ - a^b^)j + (a"6^ + aH" + a^b' - a'b^)k 



AjieKcaHflp KjieHH 

;Ei o a = a° + a^i + a^j + a^k 
Eiob^b'^ + b'^i + b^j + b'-k 



{Eioa){Eiob)=a%° -aH"^ - 

I / OtS I 3i0 

+ [a b + a b 
= Eio {ab) 



a^^ + {a%'' + a^b"" + a^b^ - aH^)i 



.1;,2 



,0,1 



1;,0 



,21,3 



,3i.2x 



a^b')j + ia"b' + a'b" + a^-" - a-'b^)k 



D 



TeopeMa 6.3. OmodpamceHue Ei UMeem eud 

El o a = —(a — iai — jaj — kak — ia + ai — kaj — jak 
—ja — kai + aj — iak — ka — jai — iaj + ak) 
/JoKaaameAbcmeo. CorjiacHO leopeMe [3]-3.3.4, CTanflapTHbie KOMnoHCHTBi OTo6pa- 

>KeHIIH El HMeiOT BH/I, 

E^o 
El° = 
^f = 

^30 = 



1 

4 


^1-4 


Er = 


1 
4 


p33 _ 1 
^1 - "4 


1 
4 


pOl 1 


Ef = 


1 
4 


p23 1 
^1 --4 


1 

4 


K31 „ _1 


E^^- = 


1 

4 


77 1 .3 1 
^1 - "4 


1 

4 


P21 _ 1 

^1 --4 


El- = 


1 
4 


£;o3 = 1 



TeopeMa 6.4. Mw MoofCCM omoDfcdecmeumb omo6paMceHue 

aoEi: H ^ H ae H 



D 



u Mampwuy 



(6.1) 



Jlla — 



(6.2) 



/ a° 



>/i;-a = Jlao El 



\ 



a^ J 



floKaaameA'bC'meo. IIpoHSBefleHHe KBaTepnuoHOB 

a = 0° -\-a^i + a^j + a^k 



El o X 



^i + x^j + x^k 



HMeeT BHfl 



a o El o X — a X 



0^0 



a^x^ 



aV 



a^x^ 



(a°i^ 



a^x° 



aV 



a'^x-*)i 



+ ia°x^ + a^x° + a^x^ - a^x^)j + {a°x^ + a^x° + a^x^ - a'^x^)k 



JThhchhbic OTo6pa>KCHHa ajirc6pti KBaTcpHHOHOB 



CjieflOBRTejibHO, OTo6pa}KeHHe fa°x = a o Ei o x hmsst MaTpnuy 5Iko6h (6.1). 
PaBCHCTBO (6.2) cjieflyeT h3 n,enoHKii paBencTB 



Jl-ao°E2 



( a° 






\ 



A o^ 

10 

1 

yo 1 oy 



D 

7. Otobpa>kehhe E2 
TeopeMa 7.1. Ecau omo6paotceHUM 

RBAfimmcfi AUHCUHUMU aemoMop(fJU3MaMU aAze6pu KeamepnuoHoe, mo omo6pa- 
atcenue /2 o fi jisAJiemcM AuneuHUM aemoMopcfjuaMOM aAge6pu KeamepnuoHoe. 

/(oKaaameAbcmeo. YTBepxcfleHHe TeopeMbi sBjiaeTCs cjieflCTBHCM cjieflyiomnx pa- 

BBHCTB 

/2 o /i o (a + fe) = /2 o (/i o a + /i o 6) = /2 o /i o a + /2 o /i o 6 

/2 o /i o (ra) = /2 o (r(/i o a)) = r(/2 o fi o a) 

/2 o /i o (a6) = /2((/i o a)(./i o fo)) = (./2 o /i o a)(/2 o fiob) 



D 



TeopeMa 7.2. OmoSpaoKeHue 

E2 ■■ H ^ H E2{x) =x° +x^i + x^j + x^k 

1 E2.I = 1 £'2.2 = 1 



p 

-C'20 



1 -E^2-3 



£^2 = 



/l 
1 
10 

yo 1 oy 

RBAfiemcsi AUHeilHUM aemoMop(fJU3MOM aAze6pu KeamepHUOHoe. 

/(oKaaameAbcmeo. YTBepxcfleHiie TeopeMbi HBjiaeTCH cjieflCTBHCM TeopeMbi 7.1 h 
paBeHCTBa 

(El) ~ E2 

a 



10 



AjieKcaHflp Kjichh 



TeopeMa 7.3. Omo6pamceHue E2 UMeem eud 

E2 o a ~ 7(0 ^ *oi — jaj — kak + ia — ai — kaj — jak 
+ja — kai — aj — iak + ka — jai — iaj — ak) 
JJoKaaameA-bcmeo. CorjiacHO TeopeMe [3]-3.3.4, CTaH^apTHbie KOMnoHCHTBi OTo6pa- 

JKCHIIH E2 HMeiOT BH/I, 



00 1 

2-4 


i^2" = 


1 

4 


Er = 


1 
4 


i?f = 


1 

4 


10 1 

2-4 


E^^ = 


1 

4 


EP = 


1 
4 


E-f = 


1 

4 


20 _ 1 
2-4 


El^ = 


1 

4 


E°- = 


1 

4 


Er'- 


1 

4 


30 1 
2—4 


E¥ = 


1 

4 


EP = 


1 

4 


^2^ = 


1 

4 



TeopeMa 7.4. Mw Atoa/cejw omoDtcdecmeumb omo6paatceHue 

aoE2: H ^ H ae H 



u Mampwuy 



(7.1) 



/ a° 



Jlla 



a 
a- 



(7.2) 



y a"" a^ a" 

>/2;a = ^iao E2 



\ 



-a^J 



/(oKaaameAbcmeo. XIponsBefleHiie KBaTepHiiOHOB 

a = a^ + a^i + a^j + a^k 



D 



H 

E20X = x° + x^i + x^j + x^k 

HMeeT BH^ 

ao E20 X = a X —ax —ax —ax + {a x + a x" + a~x~ — a"x' ]i 

,0„1 I „2„0 I „3„3 „1„2\ • I /„0„2 I „3„0 , „1„1 „2„3\ 



,2„2 



,3„1\ 



+ {a"x^ + a^x" + a-'x-' - a^x^)j + (a"x^ + a-'x" + a^x^ - a^x-')k 



JThHCHHBIC OTo6pa>KCHHa aJirc6pM KBaTCpHHOHOB 
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CjieflOBRTejibHO, OTo6pa}KeHHe fa°x = a o E2 o x HMeeT MaTpnuy 5Iko6h (7.1). 
PaBCHCTBO (7.2) cjieflyeT h3 ii,enoHKii paeeHCTB 

,1 _„2 _„3 \ ^ 



/ a° 



Jl-ao°E2 



( aO 



V 



'1 





0' 








1 





1 





lo 


1 


oj 



J 21- a 



J 



8. Otobpa>kehhe E'i 
TeopeMa 8.1. Koopdunamu omo6pacnceHUH 



D 



^3:H 


-^ H E3 


X 


= ^0 + 


■ 


+ x^j - 


x^k 


p _ 

-^30 " 


1 E,.l^l 


E3.I - 


= 1 E^l^ 


-1 






fl 





'\ 








E3 = 






1 

1 






-V 







ydoBAemeopjitom paeeHcmeaM (4.1). 

/J^OKasameAbcmeo. Mbi MOJKeM npoBepiiTb BbinojiHCHHe paBencTB (4.1) nenocpefl- 
CTBCHHOH npoBepKoii 

-5^3-1 



E3-2 



fr 2 771 3 

^3-2^3-3 

?? 2 771 3 
^3-3-C'31 



77 3 77 2 
^3-2^3-3 

77 3 77 2 
-'^3-3-'^31 



3-3 

1 2 
31 



-E^3-2 



I?277i3 7737^2 
-^31-'^3-2 ~ ■'^31-'^3-2 



-^3-2-^3-3 

771 3 771 1 
^3-3-C'31 



3-3 

3 

31 

1 3 

3-2 



-E^3-3 



E3.1E3.2 - E^.^E; 



E3.2E3.3 
E3.3E3.1 



3 

3-2 



E3.2E3.3 



E3.2E3.3 



0-0 = 

0- (-1)1 = 1 
1*0-0=0 
0-l(-l) = l 
(-1)0-0 = 
0*1-0=0 
1*0-0=0 



E3.IE3.I - E^.JE^.l =0*1-0*1 = 
-E^3i-E^3-2 - -£^3.1-^3.2 = 1*0-1*1 = -1 



D 



12 



AjieKcaHflp Kjichh 



SaMeuaHue 8.2. Mbi MOJKeM y6e;i,HTijCH HenocpeflCTBeHHOii npoBcpKoii, hto E^ 

JIHHefiHblii aBTOMOp4)H3M. IlyCTb 

a = a +ai + aj + ak 
b = b° + b^i + 9j + h^k 
Torfla 

ah = a%° - aH^ - aH^ - aH^ + {a%^ + aH° + aH^ - aH^)i 

Ez o a — a^ + a?i + a^j — a^k 
E3ob = b° + b^i + b^j - b^k 

(E3 o a)(E3 06)= a°5° - a^6^ - a^6^ - a^fo^ + (a^b^ + 0^6° - a^b^ + a^b^)i 



= E3 o [ab) 



a^b^ 



aV 



a^b'^)k 



D 



TeopeMa 8.3. Omo6paMceHue E3 UMeem eud 

1 



Er, o a 



(iai + jaj + iaj + jai) 



/(oKaaameAbcmeo. CorjiacHO xeopcMe [3]-3.3.4, CTanflapTHbie KOMnoneHTbi OToGpa- 

>KeHHH ,£3 HMCIOT BH/I, 



El' 



.1 p22 
2 -'^l 



-1 K21 

2 ^1 



-1 7^12 
2 -^1 



TeopeMa 8.4. Mu modkcm omoDtcdecmeumb omo6pajtceHue 

aoEa-.H^H ae H 



u Mampwuy 



( a° 



Jsla 



\ 



(8.2) J^i.a = J;.ao E^ 

/I^oKaaameAttcmeo. IIpoHaBefleHHe KBaTepHHOHOB 

a = a^ + a'i + a^j + a^k 



-a° j 



D 



Ez o X = X +xi + xj — xk 



HMeeT BHfl 



,i„o 



a o £:3 o 2: = a^x^ - a^x^ - a^x^ + a"^a;"^ + {a"x^ + a^x 



2^3 



a X 



a-'x^)i 



+ {a°x' + a^a;° + a^x^ + a'x^)j + {-a°x^ + a^x° + a'x' - a^x'^)k 



JThhchhbic OTo6pa>KCHHa ajirc6pti KBaTcpHHOHOB 
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CjieflOBRTejibHO, OTo6pa}KeHHe fa°x = a o Ei o x hmsst MaTpnuy 5Iko6h (8.1). 
PaBCHCTBO (8.2) cjieflyeT h3 n,enoHKii paBencTB 



/ 



Jlao°E^ 



3 \ 




fl 











a' 


o 








1 





a^ 








1 








aoj 




lo 








-1 


a^\ 










a 













\ 



Jila 



I 



9. Otobpa>kehhe / 

AHTHJIHHeiiHblH aBTOMOp4)H3M 

1:H^H lox^x* 



1° 



1 n 



= -1 l2 = 

1 
0-10 
0-1 




-1 li 



-1 



HasBiBaeTCH conpajKeHneM ajire6pbi KBaTepHHOHOB. 
TeopeMa 9.1. Mu moohzcm omoDtcdecmeumb omoSpajtceHue 

aol : H ^ H ae H 



u Mampum/ 



I 



(9.1) 



(9.2) 



ha — 



\ 



\a^ 



h. 



Jlao°I 



floKaaameAbcmeo. ITpoHSBefleHHe KBaTepHHOHOB 



D 



I O X 



x^i — x'^j 



x^k 



14 



AjieKcaHflp Kjichh 



HMeeT BHfl 



T 00,11,22,33,/ 01,10 23,3 2\- 

ao 1 o X = a X + a X + a x + a x + (—a x + a x —ax + a x )i 

+ (-a°a;^ + a^x° - a^x^ + a^x^)j + {-a°x^ + a^x° - a^x'^ + a^x^)k 

CjieflOBRTejibHO, OTo6pa}KeHHe fa°x = a o I o x iiivieeT MaTpHLi,y 5Iko6h (9.1) 
PaseHCTBO (9.2) cjieflyei h3 n.eno'iKH paseHCTB 



/ a° 



Jlao°I 



\ 



(l 














-1 














-1 





lo 








- 



/ aO 



v 



/ 



TeopeMa 9.2. Mu moohzcm omoDtcdecmeumb omo6pajtceHue 

a*7 : H ^ H aeH 

u Mampwuy 



(9.3) 



(9.4) 



■^r-a ^^ 



I O X 



fa^ 


a^ 


a^ 


a3\ 


fli 


-a° 


-a^ 


a^ 


a^ 


a^ 


-aO 


-a^ 


[a^ 


-a^ 


ai 


-«v 


Ir-a 


^Jr 


ao -i 




He KBaTepHHOHOB 




= x°- 


- x^i 


- x'^j 


-x^k 



\ 



V 



D 



a = a° + a^i + a^j + a^k 
HMeeT Biifl 

(/ o x)a = x°a^ + x^a^ + x^c? + x^a^ + {xPa^ - x^a^ - x^a^ + x^a'^)i 

+ (a;°a^ - x^a° - x^a^ + x'^a^)j + {x°a^ - x^a° - x^a^ + x^a^)k 



JThHCHHBIC OTo6pa>KCHHa aJirc6pM KBaTCpHHOHOB 
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CjieflOBRTejibHO, OTo6pa}KeHHe fa°x = a o I o x HMeeT MaTpHLi,y 5Iko6h (9.3). 
PaBCHCTBO (9.4) cjieflyeT h3 n,eno^Kii paBCHCTB 

,1 _„2 _„3 \ 



/ a° 



7 °T 

'-'r-ao ^ 






1 








M 





-1 














-1 





lo 








-V 



Vy 



D 



10. Otobpa>kehhe /i 
TeopeMa 10.1. Ecau omo6paotceHue 

RBAfiemcsi anmuAUHeuHUM aemoMop(f>u3MOM aAze6pu KeamepnuoHoe u omo6pa- 
atcenue 

RBAfiemcsi AUHCUHUM a6moM0p(fiu3M0M aA3e6pu KeamepHUOHoe, mo omo6paMceHue 
/2 ° /i neAsietncfi aHmuAUHeilHUM aemoMop(fJU3MOM aAze6pu KeamepnuoHoe. 

/(oKaaameAbcmeo. TaK KaK ajire6pa KsaTepHHOHOB HBjiJieTCH i?-ajire6poH, R C 
Re H, TO, fiJiR r & R, r* ~ r . CjieflOBaTejibHO, 

h° h° (ra) = /2 o {rfi o a) = (/2 o /i o a)r* 

YTBepjKfleHHe TeopeMbi HBjiseTCH cjieflCTBHCM cjieflyiomHx paBencTB 

f2 ° fi ° {a + b) = /a o (/i o a + fi o b) =^ f2 o fi o a + f2 o fi o b 

h° h° (ab) = /2((/i o a)(/i o b)) = (/2 0/^0 6)(/2 0/^00) 



D 



TeopeMa 10.2. OmoSpamceHue 

Ii : H ^ H /i o X = x° - x'^ei - x^e2 - x^e^ 

-'10 — ^ ^1-2 — ^ ^1-3 — J^ ^1-1 — J- 

A ^ 

0-10 

0-1 

^0-10 
jiBAJiemcM aHmuAUHeitHUM aemoMopcpuaMOM aAzeBpu KeamepnuoHoe. 



h 



J 
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/^oKasameAbcmeo. YTBepiKfleHHe TeopeMbi HBjiaeTCH cjie^CTBHeM TeopeMbi 10.1 h 
paeeHCTBa 

li=7oEi 



TeopeMa 10.3. Mu modkcm omoofcdecmeumb omo6pacHceHue 

aoli: H ^ H ae H 



u Mampwuy 



(10.1) 



/ aO 



Ilia 



a 

2 

a 



\ 



\ 



-V 



(10.2) 



hla — Jllao h 



/^oKasameAbcmeo. ITpoHSBefleHHe KBaTepHHOHOB 



a = a*^ + a^i + a^j + a^k 



D 



IlO X = X 



X I - 



x^j — x^k 



-a^x^ + a^x^ - a^x^ + a''a;'^)i 



,2„1 



,3„3\ 



HMeeT BHfl 

a o Ti o a; = a°a;° + a^x^ + a^a;^ + a^x^ 

+ (-0*^0;^ + a^x° - a^'x^ + aix^)j + {-a^x^ + a^x'' - a^x^^ + a^x'^)k 

CjieflOBaTCjiBHO, OToGpaxceHHe /a ox = ao/j^oa; hmcct MaTpiin,y 5Iko6h (10.1) 
PaBeHCTBO (10.2) cjie^yeT h3 n,enoHKH paBCHCTB 



/ao 



■/(■ao -^1 



\ / 

o 
o 


/ \ 



1 









-1 



1 



/«o 



v 



— i\la 



I 



TeopeMa 10.4. Mw MomctM omooicdecmeum'b o'mo6pacitceHue 

a-kli : H ^ H ae H 



\ 



D 
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u Mampumi 



(10.3) 



(10.4) 



/ao 



-* Ir-a 



T T Or 

-'Ir-a '-'Ir-ao -'I 



/(oKasameAbcmeo. npoHSBe^eHHe KBaTepHHOHOB 



Ji o a; = a::° 



,2\ 



«V 



X I ~ X J ~ X 



1/fc 



a = a° + a^i + a^j + a^k 

HMeeT BHfl 

(/ o x)a = x°a° + x^a^ + x'^c? + x^a^ + {xPa^ - x'^a° - x'^a^ + x^a^)i 

+ {x°a^ - x^a° - x^a^ + x^a^)j + {x^a^ - x^a° - x^a^ + x^a^)k 

CjieflOBaTejiBHO, OTo6pa»ceHHe faox = a-k Iio x hmcct MaTpHLi,y 5Iko6ii (10.3). 
PaBeHCTBO (10.4) cjie^yeT h3 ii,enoHKH paBCHCTB 

^3 \ /l 



/ a° 



7 ° T 






Va^ 



0-1 




Vo 



-1 



— lira 



) 



11. Otobpa>kehhe 1 2 
TeopeMa 11.1. OmoSpamceHue 



I^-.H^H I-yOX^x" 



x^e\ — x^e2 — x'^ez 



o\ 



-1 





D 



-'2-0 — ^ ^2-3 



-1 h-2 



h 



J 



1 



^ ^2-1 

A ^ 

0-1 

0-100 

^0 0-10 
jiBMJiemcM awmuAUHeuHUM aemoMopcpuaMOM ameOpu KeamepnuoHoe. 
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AjieKcaHflp Kjichh 



/^oKasameAbcmeo. YTBepiKfleHHe TeopeMbi HBjiaeTCH cjie^CTBHeM TeopeMbi 10.1 h 

paBeHCTBR 

D 



TeopeMa 11.2. Mu modkcm omoofcdecmeumb omo6pacHceHue 

aol2:H^H ae H 



u Mampwuy 



(11.1) 



/ aO 



hi- a 



a 

2 

a 



\ 



-a 

2 

a 



(11.2) 



hla — Jlao h 



/(oKaaameAbcmeo. ITpoHSBefleHHe KBaTepHHOHOB 



l2° X — x^ — x^i — x^j — x'^k 



HMeeT BHfl 



a o /2 o a; = a"x" + a^x** + a^x^ + a'^x^ + {-a^x"^ + a^x" - a^x^ + a-*x^)i 

+ {-a°x^ + a^x° - a^x^ + a^x^)j + {-a^x"^ + a^x° - a^x^ + a'^x'^)k 

CjieflOBaTejiBHO, OTo6paiKeHHe fa o x = a o I2 o x hmcct MaTpiin,y 5Iko6h (11.1). 
PaBeHCTBO (11.2) cjiepyei h3 n,enoHKH paBCHCTB 



/ao 



Jlao h 







/ \ 



1 




















-1 





-1 














-1 






/«o 



— hla 
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12. JIhhehhoe otobpa>kehhe 
TeopeMa 12.1. JIuneuHoe omoOpaofceHue aAze6pu KeamepnuoHoe 

J-.H^H 

UMeem eduHcmeeHHoe paaAOCHcenue 

f = aQ o E + ai o El + a2 o E^ + 03 o / 



«o = ^(/o+/i-/l + /l) 

^l = \{-f,-fl+fUfl-fs+fl+fI + fl) 
^1—7^ (/i ~ Ji ~ J2 ~^ J2 ~ J3 ~ J3 ~ J3 ~^ J3) 

^1 = n{~Jl + Jl + /2 ~ /2 ~ /a + Js ~ /3 ~ /3 J 
''1 = ^(~/r ~ Jl + /2 + /2 ~ /3 ~ Js + /3 ~ /3 J 

al = l{n+f!-f^-f^+f!-fi) 
ai = ^(-/i° + /f-/|-/| + /3°+/|) 
af = li-n + fl + /I - /I + fl - fi) 

'^3 — ^(/o ~ Ji ~ J2 ~ J3) 



(12.1) 


IIpu amoM 


(12.2) 


(12.3) 


(12.4) 


(12.5) 


(12.6) 


(12.7) 


(12.8) 


(12.9) 


(12.10) 


(12.11) 


(12.12) 


(12.13) 


(12.14) 


(12.15) 


(12.16) 


(12.17) 
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/(oKasameAbcmeo. JlHHeiiHoe OToGpajKCHHe (12.1) hmcct MaTpni^y 



/ 



\ 



/a? 



(12.18) 



1 flO 


2 
~0'2 


-a\ 


of 


4 


-of 


4 


2 
— 02 


4 


4 


«i 


a2^ 


V «i 


a\ 


-al 


-flO 



a? 



a° 



-a? 



/ 



V «3 



-«§ / 



Ha cpaBHeHHs MaTpHii,bi OTo6pajKeHHa / h MaTpHii,bi (12.18), mm nojiy^HM CHCTCMy 

JIHHeilHBIX ypaBHCHHfl 



(12.19) 


/o° 


(12.20) 


/? 


(12.21) 


/2° 


(12.22) 


ft 


(12.23) 


f'o 


(12.24) 


fl 


(12.25) 


fl 


(12.26) 


fl 



4 + 4 + al 


(12.27) 


/o^ 


o o 1 

— a^ — a2 + a^ 


(12.28) 


fl 


112 
— O]^ — 02 + 03 


(12.29) 


fl 


-a\ + al + al 


(12.30) 


fi 


fl]^ + a2 + Cg 


(12.31) 


fS 


a? - af - 0° 


(12.32) 


fl 


^4 + 4 + al 


(12.33) 


fl 


Q 2 2 

Oi - 02 - 03 


(12.34) 


fi 



al 



4 

4 



4 



4 



^jia pemeHHH stoh CHCTCMbi jiHEeitHbiii ypaBHCHHii h naniicaji nporpaMMy na C=f^. 
PeineHHe jierKO npoBepiiTb HenocpeflCTBeHHOfl no^CTaHOBKOii. D 

Hs TeopeMbi [3]-2.6.4 cjie^yeT, ^ito MHOJKecTBO jiimeHHbix SHflOMopcJjHSMOB C{H; H) 
ajire6pbi KsaTepHHOHOB H HSOMopcJDHO TensopnoMy npoiiSBefleHHio H ® H . Teope- 
Ma 12.1 yTBepjKflacT, hto mbi MO>KeM paccMaTpHBaTB MO^yjib C{H;H) KaK H-k- 
BeKTopHoe npocTpancTBO c 6a3HCOM 

IIpHMep 12.2. CorjiacHO leopeMe 7.4, OTo6pa>KeHHe 



HMeeT MaTpHii;y 



aoE2: H ^ H aeH 



( a° 



ya-^ 



-V 



JThhchhbic OTo6pa»c:cHHSi ajirc6pM KBaTcpHHOHOB 

CorjiacHO TeopeMe 12.1, 

ao° = ^(«° + (-«') -«' + (-«')) 

a^ = -(a^ -a^ +a° + a^) 

a? = ^(-(-«') - (-«•') + i-a^) + a^ - ("o') + a° + a=^ + (-a^)) 
a2 = i(-a° + fli + (-fli) - a° - (-fli) + a° - a^^ - (-a^)) 

^2 = ^((-a') + a' - (-«') - «' + (-«') - (-a')) 
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«3° = ^(«°-a° -«'-(-«')) 

a^ = i(a2 + (-a2) + a°-a°) 

«3 = ^(«' + (-«')-(-«') + (-«')) 
CjieflOBaTCJibHO, 02 = 03 = 0. 
IIpHMep 12.3. CorjiacHO leopeMe 5.2, OTo6pa>KeHHe 

a*E : H ^ H aeH 
HMeeT MaTpHn,y 

/ aO -fli -a^ -a^ \ 



a^ a° a^ —a? 



a^ a? -a^ aP 



D 
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CorjiacHO TeopeMe 12.1, 

a? = i(-(-a^) - a° + (-a^) + a^ - (-a^) + (-a^) + a^ + a°) 
fli = ^((-a^) - a° - (-a^) + a=^ - {-a^) - (-a^) - a^ + a°) 
a? = ^(-(-a^) + a^ + a° - (-a^) - (-a^) + (-a^) - a^ - a°) 
a3 = i(-(-a=^) - a^ + a° + {-a') - (-a^) - (-a^) + a^ - a°) 



a. 



1 



-i-a° + a^ + a''- (-a^) + (-a^) _ a^) 



2 



ag = —(a — a" + (—a") + a ) 



a 



-(a2 + (-ai) + (-ai)-(-a^)) 



2 



a3 = i(a3+a°-a° + (-a=^)) 
3to OHCHb BajKHO, 03 ^ 0. n 

IIpHMep 12.4. CorjiacHO TeopeMaM 5.1, 5.2, OToSpajKCHHe 
f : H ^ H f = aoE + a*E aeH 
f o X = ax + xa 
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HMeeT MaTpHn,y 



/ a° 



\ a —a a 

( 2a° -2a^ -2a'^ 

2ai 2a° 

2a2 2a° 

2a^ 
CorjiacHO TeopeMe 12.1, 



/ao 



V 



«V 



V 



-2a^ \ 


2aO 



aO = i(2a° + 2a°-0+(-2a3)) 
fti = l(2a^ - (-2a^) + (-20^) + 0) 
a^ = (20^-0 + + 0) 
a^ = -(2a^ + 0-2a° + 2a°) 

a? = i(-(-2a^) - 2a° + (-2a^) + - (-2a-^) + + + 2a°) 
al = -((-2a^) - 2a° - (-2a^) + - (-2a-*') - - + 2a°) 
af = i(-0 + + 2a° - - (-2a'') + - - 2a°) 
a? = i(-0 - + 2a" + - (-2a^) - + - 2a°) 

a" = |((-2a^ ) + - (-2a-) + 0-0-0) 
al = h2a° + - (-2a-) - + (-2a^) - 2a*') 
a| = -(-(-2a-^) + - 2a° - + (-2a^) + 2a°) 
af = ^(-2a° + + 20*^-0 + 0-0) 

aO = i(2a°-0-0-2a'') 

al = i(2a^-0+(-2a'-^) + 0) 
al = i(2a2 + (-2a^) + 0-0) 



-(2a=' + 2a°-2a° + (-2a3)) 
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3to oneHb eajKHO, 03 7^ 0. D 
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